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Abstract
We study the spin-density correlations in ferromagnetic metals using the dynamic spin-
ﬂuctuation theory. We derive computational formulae for the spatial correlation function and
use them to calculate the short-range order above TC in bcc Fe. Results of the calculation
conﬁrm our theoretical prediction that the inverse correlation radius increases linearly with
temperature for T suﬃciently large. The calculated short-range order is small but suﬃcient to
correctly describe neutron scattering experiments. We show that considerable amount of the
short-range order persists up to temperatures much higher than TC.
Keywords: ferromagnetic metals, spin ﬂuctuations, short-range order, paramagnetic state, spin-density
correlations
1 Introduction
Theories of metallic magnetism [1–14] all postulate that local moments remain above TC. But
there is no agreement about the extent of the short-range order (SRO) in the paramagnetic
phase. The ﬂuctuating-local-band theory [1–5] is based upon the existence of very strong SRO
well above TC. However, it is diﬃcult to test this approach by realistic calculations. The static
spin-ﬂuctuation theories [6–10] describe the paramagnetic phase as having no appreciable SRO
outside the critical region. The situation is similar in various versions of the dynamic mean-ﬁeld
theory [11–13] and dynamical coherent potential approximation [14] because all of them build
upon the single-site approximation.
The dynamic spin-ﬂuctuation theory (DSFT) [15–17] takes both single-site and nonlocal
interactions into account without mapping of the itinerant electron system onto an eﬀective
Hamiltonian with classical spins [13, 18, 19]. However, at high temperatures, the underlying
Gaussian approximation (GA) leads to a discontinuous temperature dependence of magneti-
zation, contrary to experiment. The extended DSFT [20] goes beyond the Gaussian approxi-
mation. The combination of the renormalized Gaussian approximation (RGA) and enhanced
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uniform ﬂuctuations (UF) makes the extended DSFT applicable at all temperatures. In par-
ticular, the extended theory eliminates the ﬁctitious ﬁrst-order phase transition and yields a
proper second-order phase transition from the ferromagnetic to paramagnetic state.
In this paper we apply the extended DSFT to study SRO in the paramagnetic state. For
the spin correlator in the extended DSFT, we derive an explicit expression and approximate
formula of the Ornstein-Zernike type. As a measure of the SRO, we use the halfwidth of the
normalized spin correlator and correlation radius in the formula of the Ornstein-Zernike type.
The inverse correlation radius is shown to change linearly with temperature in close analogy to
the Curie-Weiss law.
Results in the RGA+UF are illustrated in the example of bcc Fe. We calculate the spin
correlator as a function of distance and temperature. For selected temperature values, the spin
correlator as a function of distance was calculated in the static [21, 22] and dynamic [15, 23]
approximations of the SFT but no deﬁnite conclusions about the extent of the SRO in Fe were
drawn. We obtain a quantitative estimate of the SRO and give an interpretation of the neutron
scattering experiments using calculations of the correlation halfwidth, correlation radius and
their inverse as functions of temperature.
2 Spatial correlator
We study the spatial correlation function
C(r, T ) =
〈sα(r)sα〉
〈sα(0)sα〉
(1)
of the spin-density operator sα(r), α = x, y, z. Here, the angle brackets denote the canonical
average 〈. . . 〉 = Z−1Tr(. . . e−H/T ), where Z = Tr e−H/T is the partition function, H is the
Hamiltonian of the system of interacting electrons, and T is temperature (in energy units).
Since we consider the spatial correlator in the paramagnetic region, the average 〈sα(r)sα〉 does
not depend on the index α. For brevity, we omit the index α further on.
The spatial Fourier transformation is deﬁned by
sq =
∫
s(r) e−iqr dr, s(r) =
1
NaΩWS
∑
q
sq e
iqr,
where Na is the number of atoms, ΩWS is the volume of the Wigner-Seitz cell and the integral is
taken over the whole volume of the crystal. The translational invariance of the system leads to
〈s(r)s〉 =
1
N2aΩ
2
WS
∑
q
〈sqs−q〉 e
iqr.
Transforming the sum over wavevectors into an integral and replacing the Brillouin zone by the
equal-volume sphere with radius qB, we obtain
〈s(r)s〉 =
1
2π2NaΩWS
∫ qB
0
〈sqs−q〉
sin(qr)
qr
q2 dq . (2)
Now we derive an expression for the spin correlator in the momentum representation,
〈sqs−q〉. The thermodynamic susceptibility χqm, in the units of
1
2
(gμB)
2, is related to the
spin correlator
〈sqms−q−m〉 = T
∫ 1/T
0
〈sq(τ)s−q〉 e
iωmτ dτ
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by the formula [24]
χqm =
2
T
〈sqms−q−m〉.
Here, sq(τ) = e
τHsq e
−τH is the ‘Heisenberg’ representation with respect to the ‘time’ τ ∈
[0, 1/T ] and ωm = 2πmT are even thermodynamic ‘frequencies’. Applying the inverse Fourier
transformation with respect to the ‘time’, at τ = 0 we have
〈sqs−q〉 =
∑
m
〈sqms−q−m〉 =
T
2
∑
m
χqm.
Replacing the sum over even ‘frequencies’ ωm by an integral with the Bose function B(ε) =
(eε/T − 1)−1 and neglecting the zero-point ﬂuctuations, which lead to an insigniﬁcant shift of
the self energy [20], we come to
〈sqs−q〉 =
1
2π
∫
B(ε) Imχq(ε) dε (3)
in full agreement with the ﬂuctuation-dissipation theorem. For further calculations, we need to
obtain an explicit expression for χq(ε).
In the DSFT the enhanced susceptibility χq(ε) is expressed in terms of the unenhanced one
χ0
q
(ε) by the formula
χq(ε) =
χ0
q
(ε)
1− uχ0
q
(ε)
, (4)
where u is the eﬀective interaction constant. Using formula (4), we write expression (3) as
〈sqs−q〉 =
1
πu
∫
∞
0
B(ε) Im
1
1− uχ0
q
(ε)
dε. (5)
In order to calculate the integral on the right-hand side of (5), we expand the susceptibility in
Taylor series
χ0
q
(ε) = χ0
q
(0) + i
dχ0
q
(0)
dε
ε ≡ χ0
q
(0) + iϕqε
and use the following approximation of the Bose function,
1
eε/T − 1
=
{
T/ε, ε < ε0,
0, ε > ε0,
where the value ε0 = π
2T/6 is chosen such that the ﬁrst moments are equal. As a result,
formula (5) takes the form
〈sqs−q〉 =
T
2uλq
2
π
arctan
uϕqπ
2T
6λq
,
where λq = 1− uχ
0
q
(0). The function λq is calculated as [16]
λq = λ0 + (λL − λ0)q
2/q2,
where λL = 1− uχL(0) and q2 = 0.6q
2
B is the average over the Brillouin zone. The function ϕq
is replaced, for simplicity, by its mean value ϕL. Consequently, we have
〈sqs−q〉 =
T
2uλL
1
a2 + b2(q/qB)2
2
π
arctan
c
a2 + b2(q/qB)2
, (6)
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where
a2 = λ0/λL, b
2 = (1 − a2)/0.6, c = uϕLπ
2T/(6λL). (7)
Using expression (6), for spin correlator (2) we obtain
〈s(r)s〉 =
T
4π2uNaΩWSλL
(8)
×
∫ qB
0
q sin(qr)
r
1
a2 + b2(q/qB)2
2
π
arctan
c
a2 + b2(q/qB)2
dq.
Introducing the dimensionless variable k = q/qB, we ﬁnally obtain the expression for correlation
function (1):
C(r, T ) =
1
I0
∫ 1
0
k sin(kqBr)
qBr
1
a2 + b2k2
2
π
arctan
c
a2 + b2k2
dk, (9)
where
I0 =
∫ 1
0
k2
a2 + b2k2
2
π
arctan
c
a2 + b2k2
dk .
At distances r > π/qB integral (8) is determined by small wavevectors (q < π/r). Extending
the upper integration limit qB in (8) to inﬁnity and approximating
arctan
c
a2 + b2(q/qB)2
≈ arctan
c
a2
,
we obtain
〈s(r)s〉 =
B
qBr
∫
∞
0
q sin(rq)
r−2c + q2
dq, (10)
where rc = |b|/(|a|qB) is the correlation radius, and
B =
3T
2uNaΩ2WSλLb
2
arctan
c
a2
. (11)
Calculating the improper integral in (10) by contour integration in the complex plane, we obtain
〈s(r)s〉 =
B
qBr
e−r/rc. (12)
In the theory of magnets with localized moments an expression of this kind is called the Ornstein-
Zernike correlator. Taking expression (11) into account, we obtain an approximation for corre-
lation function (1):
C(r, T ) =
1
I0b2
arctan
c
a2
1
qBr
e−r/rc . (13)
Note that the lower bound of the interval, where expression (12) is valid, rB = π/qB, is
about half the lattice constant a0. Indeed, we deﬁned qB as radius of an equal-volume sphere
to the Brillouin zone, i.e. ΩBZ = 4πq
3
B/3, where ΩBZ is the volume of the Brillouin zone.
Using the relation ΩBZ = (2π)
3/ΩWZ, we obtain rB = (πΩWZ/6)
1/3. For the bcc lattice, with
ΩWS = a
3
0/2, we have rB ≈ 0.64a0. Similarly, for the fcc lattice, with ΩWS = a
3
0/4, we have
rB ≈ 0.5a0.
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Finally, we investigate temperature dependence of the correlation radius rc at large T .
According to the Curie-Weiss law, in the paramagnetic region we have
χ0(0) =
m2eﬀ
3(T −ΘC)
,
where meﬀ is the eﬀective magnetic moment, and ΘC is the paramagnetic Curie temperature.
Neglecting the higher-order terms with respect to 1/T , we obtain
λ0 = 1− uχ0(0) = 1−
um2eﬀ
3T
.
Substituting a and b from (7), we write rc = |b|/(|a|qB) as
rc =
√
λL − 1
0.6
(
1 +
um2eﬀλL
6(λL − 1)
1
T
)
1
qB
.
The local susceptibility χL(0), and hence λL = 1−uχL(0), weakly depend on temperature [25].
Thus, the inverse correlation radius r−1c increases linearly at suﬃciently large T .
3 Results and discussion
We apply the DSFT to calculate temperature dependence of the spatial correlation function
C(r, T ), correlation radius rc(T ) and halfwidth r1/2(T ) for bcc Fe.
The initial data of the DSFT calculations are the magnetic moment m(0) = 2.217μB [26]
and the ﬁrst-principles DOS at T = 0K. We calculate the DOS of nonmagnetic Fe by the
KKR method with a self-consistent potential [27]. Then the DOS is slightly smoothed out
by convolution with the Lorentz function of half-width Γ = 0.001W (W = 7.16 eV is the
bandwidth) and normalized to one d band of unit width (see Fig. 5 in Ref. [28]). By the
smoothing we take into account the damping of one-electron states resulting from electron-
electron correlations. The number of d electrons per atom is equal to 7.43.
Fig. 1 shows the correlation function C(r, T ) calculated in the RGA+UF by exact formula (9)
and by approximate formula (13). The temperature is given in units of the calculated Curie
temperature T calC = 1.56T
exp
C (T
exp
C = 1044K [26]). As can be seen from Fig. 1, the spin
correlation function C(r, T ) decreases quite rapidly with distance and decreases slowly with
temperature. Note that, at r = a0 (a0 = 2.87 A˚ [29]), the correlation function in the DSFT is
almost independent of temperature (Fig. 1(a)), while in the dynamic approximations of the SFT
with a model DOS [23] the correlation function at r = a0 decreases twofold when temperature
changes from T calC to 1.5T
cal
C . Comparison of Figs. 1(a) and 1(b), shows that the Ornstein-
Zernike type formula (13) gives a good approximation starting already from distances of about
3 A˚.
The calculations of the correlation radius rc and its inverse r
−1
c both in the GA and
RGA+UF conﬁrm our theoretical result on linear temperature dependence of the inverse cor-
relation radius in both approximations (Fig. 2(a)). Moreover, the temperature interval, where
the asymptotic linear dependence is valid, is fairly wide.
As a measure of SRO, we use the ‘halfwidth’ r1/2, deﬁned as full width of the function C(r)
at half of its maximum: C(r1/2) = 1/2. For the inverse halfwidth, just as for inverse correlation
radius, we observe an approximately linear dependence in a wide temperature range (Fig. 2(b)).
Furthermore, the halfwidth r1/2 is substantially larger in the RGA+UF than in the GA. The
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Figure 1: The spatial correlation function C(r, T ) of bcc Fe calculated in the RGA+UF by
exact formula (9) (a) and by approximate formula (13) (b).
values of r1/2 indicate the existence of SRO at distances of about 3 A˚ at temperatures close to
TC. It should be noted that SRO persists at temperatures substantially larger than TC, so that
the halfwidth is about 2 A˚ at 1.6TC. Overall, we see an increase of correlations in the RGA+UF,
compared with GA, at all temperatures due to the inclusion of previously unaccounted spin
ﬂuctuations. Near the phase transition results in the GA and RGA+UF diﬀer the most.
As the system approaches TC both the correlation radius and halfwidth increase sharply
(Fig. 2). This behaviour agrees with the fact that the correlation radius at the phase transition
tends to inﬁnity.
 0
 5
 10
 15
 20
 1.1  1.2  1.3  1.4  1.5  1.6
r c
 [
Å
]
T / TC
cal
(a)
 0
 0.2
 0.4
 0.6
 0.8
 1.1  1.2  1.3  1.4  1.5  1.6
r c
−
1
T / TC
cal
 2
 3
 4
 5
 1.1  1.2  1.3  1.4  1.5  1.6
r 1
/2
 [
Å
]
T / TC
cal
(b)
 0.2
 0.3
 0.4
 0.5
 0.6
 1.1  1.2  1.3  1.4  1.5  1.6
r 1
/2
−
1
T / TC
cal
Figure 2: The correlation radius rc (a) and correlation half width r1/2 (b) of bcc Fe in the GA
(blue) and RGA+UF (red). The inset shows the inverse characteristics.
As is shown in [30], the spin correlator in the momentum representation 〈sqs−q〉, calculated
with an appropriate energy cutoﬀ, is in good agreement with the polarized neutron scattering
experiments in bcc Fe [31–34]. Hence, for ferromagnetic metals, calculations of the spatial cor-
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relation function C(r, T ) and its correlation halfwidth r1/2 in the DSFT should have predictive
character.
4 Conclusions
In the extended DSFT of ferromagnetic metals, we study the spin-density correlations above
the Curie temperature. For the spatial spin correlator, we derive an explicit expression and a
simpliﬁed formula of the Ornstein-Zernike type. Using the latter, we show theoretically that
the correlation radius decreases inversely with temperature. Our calculations in the example
of Fe conﬁrm this result.
The correlator in Fe is calculated systematically as a function of distance and temperature.
The calculated halfwidth of the correlation function is about 3 A˚ at 1.1T calC , which implies that
SRO is small. However, this SRO is suﬃcient to correctly describe the neutron scattering
experiments.
The correlation halfwidth in Fe decreases almost inversely with temperature over the interval
1.1T calC –1.6T
cal
C . The decrease of the halfwidth with temperature is slow, so that the halfwidth is
about 2 A˚ at 1.6T calC . Thus, a considerable amount of the SRO is preserved at high temperatures.
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